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ABSTRACT 

The SL{2,R)/Z WZW orbifold describes the (2+l)-dimensional 
black hole which approaches anti-de Sitter space asymptotically. We 
study the 1 — 1 tachyon scattering off the rotating black hole back- 
ground and calculate the Hawking temperature using the Bogoliubov 
transformation. 
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1 Introduction 



The Wess-Zumino-Witten (WZW) model is a useful framework to study 
string theory in curved spacetime. One simple example is the SL{2, R)/U{1) 
WZW coset which is known as Witten Black Hole Another simple ex- 
ample is the SL{2, R)/Z WZW orbifold, which describes a three-dimensional 
black hole in asymptotically anti-de Sitter space The black hole was 

originally found as a solution to general relativity by Banados, Teitelboim, 
and Zanelli (BTZ) but it was quickly realized that a slight modification 
of the solution yields a solution to the bosonic string theory. 

The purpose of this note is to study the 1 — > 1 string scattering in the 
rotating BTZ black hole background. We solve the tachyon equation in the 
linearized approximation and derive the reflection coefficient for the scatter- 
ing. We also derive the Hawking temperature using the Bogoliubov trans- 
formation. 

String scatterings in various geometries have been studied in refs. ||, 0]. 
In particular, ref. 0] studies the string scattering in the static (J = 0) BTZ 
black hole background. In the context of the BTZ black hole in general 
relativity, the scattering of a massless conformally coupled scalar field has 
been studied in ref. ||^. 



2 Review 

We will briefiy review the BTZ black hole; for more details, see ref. 0. The 
simplest solution of the BTZ black hole is the (M, J) = (1,0) case. It is 
given by 



$ = const., 

H^,p = -2{k-2)e,,,p. (1) 

We set a' = 2. Here, we identify 0^0 + 2tt; this corresponds to a choice 
of the orbifolding. Starting from a level k SL{2, R) WZW model, it can 
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be shown that the above solution is an exact solution to the bosonic string 
theory. The normalization is obtained as follows, k appears since we consider 
the level k WZW model; —2 is the well-known shift of k by the amount of 
Cy ||lOl, where c„ is the quadratic Casimir of the adjoint representation of the 



group. The three-form field strength if^,yp is necessary by the Wess-Zumino 
term and plays the role of negative cosmological constant. So, the solution 
approaches anti-de Sitter space asymptotically. 

Since the central charge of the WZW model is given by c = 3k/{k — 2), 
k = 52/23 in order to get c = 26. In the discussion of the BTZ black hole, 
a dimensionful parameter / is often used. This parameter can be introduced 
by scaling t and f. The relation of /, the cosmological constant A, and the 
level k is given by = — = 2{k — 2). 

An important property of the BTZ black hole is that the general solution 
is obtained simply by a different choice of the orbifolding. This property will 
be essential in solving the tachyon equation. First, make the transformation 

i = r^t — r_(p, (p = r^(p — r_t, r'^ = ^ (2) 

The reason of making this transformation is because we will make the iden- 
tification in terms of rather than 0. By the transformation, the metric (|^) 
becomes 

ds'' = 2{k - 2) |-(r2 - M)dt'' - Jdtdifi + ^ _ ^ ^ ^y^dr^^ . 

(3) 

This time we identify ip ^ (f + 27t as the orbifolding. Here, M = + r^; 
J = 2r+r_; and r± are the inner and outer horizons of the black hole. 



3 1^1 Scattering 

Consider the effective action for the tachyon T. The spacetime action is 

S{T) = J d^XV^ e-^^{G^''d^Td^T + m^T^ + aT^ + ...), (4) 
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where = —2. We expand the tachyon field equation in powers of the 
ingoing tachyon. To first order in the tachyon, the field equation is 



^_^\^d^G^-e-''^^rGd,T + m^T = 0. (5) 

Our task is to solve eq. (|^) in the background (^). Although = —2, we will 
parametrize = — (4A^ + l)/2(fc — 2). Expressions become simpler in this 
parametrization. From the actual value of m^, = 1/92. The parametriza- 
tion appears naturally in the representation theory of the SL{2,R) affine 
Kac-Moody algebra; the tachyon belongs to the continuous series represen- 
tation of the global SL{2, R). 

Substituting the metric (H) into (|]), we get 

/ 2 J\d'^T ,^ M J\dT 

(^-M+^,)^ + iSr ---—)— (6) 

To solve this equation, expand the field in terms of modes: 

T(r, t,v)=Y.fdE T^^(r)e-^^*e-^^^. (7) 

Here, N E Z. Eq. is most easily solved by first making the change of 
coordinates @. Then the sum (0) is rearranged as 

T(r, t, ^) = T^^{r)e-^%-^^^. (8) 

Here, S denotes the summation over the modes E and N. Also, we set 
E = r^E — r_iV and = —r^E + r+iV. By the coordinate transformation 
and the mode expansion, eq. (^) becomes 

(f^ - 1)^ + (3f - i)^ + (-5^ - ^ + l)r,^ = 0. (9) 

By changing variables to ^ = 1 — r = and 

TM{z) = z^^/'{l-zy^/'^Mi^), (10) 
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we get the standard hypergeometric differential equation for 



zil - z)'^^ + {c - (a + 6 + l)z}—^ - ahm^f, = 0, (11) 



where 



a = 1/2 + iX + i{E + N)/2, 
b = 1/2 - i\ + i{E + N)/2, 

c = 1 + iE. (12) 

The general solution is written in terms of Kummer's fundamental system of 
solutions for the hypergeometric differential equation: 

Ten{z) = ciU^fj + C2V^ff for |z| < 1, (13) 

= cif/^^ + CsV^jv for 1^1 > 1, (14) 

where 

Um = z'^/\l-zy^/'F{a,b,c;z), (15) 

V^j^ = z'^/\l- zy^/^z^-'F{a- c + l,b- c +1,2- c;z), (16) 

Urn = z'^/\l-zy^/\-z)-'F{b,b-c+l,b~a + l;l/z), (17) 

V^j^j = z"'^\l-zy^/\-z)-''F{a,a-c+l,a-b + l;l/z). (18) 

The modes {U, V) are analogous to the Rindler modes. These modes obey 
V^^ = {U^^^y and = {U^^_^y. The relation between and q 
are obtained using the linear transformation properties of hypergeometric 
functions |TT|: 



_ ^ r(c)r(a-6) r(2 - c)r(a - b) 
' 'r(a)r(c-6) ^ 'r(a-c + i)r(i-6)' ^ ^ 

_ T{c)T{b-a) T{2-c)T{b-a) 

- '^r(6)r(c-a)+'^r(6-c + i)r(i-a)- 

The constants q are determined by imposing the appropriate boundary con- 
ditions below. 
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Near the horizon (r r+ or 2; — > 0), the general solution approaches to 

~ cie V + + V +. (_2ij 

Similarly, in the asymptotic region (r — > oo or 2; ^ ~oo), 

T^^(^ ^ -00) ~ ci(-^)-i/2+a ^ ^^(_^)-i/2-^A_ (22) 

Here, we omit various constants and phases which are irrelevant to later dis- 
cussion. Henceforth, we set > and A > 0. Then, the first and second 
terms in (0) and (|22|) represent outgoing and ingoing modes respectively 
in the s-wave sector. Note that A, not E, plays the role of the "radial mo- 
mentum" from the asymptotic behavior (p2D. This is because of the unusual 
asymptotic geometry; the geometry is anti-de Sitter rather than Minkowski. 

First we investigate the tachyon scattering off the black hole. The ap- 
propriate choice for the constants is ci = 0. Asymptotically this solution 
has both ingoing and outgoing modes, but only ingoing modes exist near the 

horizon: 

T^^{r-.r^)c:.e-'^'-V^, (23) 

and 

T^^(r ^ 00) ~ Cie-(1-2*A) Inr ^ ^^e-il+2iX) lnr_ (34) 

Here, C2 has been normalized to unity. The reflection coefficient is now easily 
read as 



R 



r(a-6)r(6-c + i)r(i 



T{a-c+l)T{l-b)T{b-a 
eosh^(A-2(t^)cosh7r(A-,^ 
cosh7r(A + ,(^)coshvr(A + ,(^ 



(25) 



In general, tachyon equations in rotating black hole backgrounds are more 
complicated than the ones in non-rotating black hole backgrounds and may 
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not be easy to solve. The BTZ black hole case is special, because the trans- 
formation relates the J 7^ metric to the J = metric.Q This fact 
was crucial to solve the tachyon equation (^). In fact, the eq. is nothing 
but the tachyon equation for the static M = 1 BTZ black hole. This equa- 
tion appeared in the study of string scattering in the static BTZ black hole 
background 0. 

This property, the J 7^ metric can be transformed to the J = metric, 
is special to the BTZ solution. Most of the other rotating black hole metrics 
cannot be cast in the form of non-rotating black hole metrics. For example, 
written in Boyer-Lindquist coordinates, the Kerr solution has the form 

A sin^ 9 
ds^ = — -{dt - a sin'^ 9 dipV ^ —Ur^ + a^)d(f-adty 

+^dr^ + pH9\ (26) 

where 

A = - 2Mr + a?, 

p2 = ^2^^2^^^2q^ (27) 

and a is the angular momentum per unit mass. This metric cannot be written 
in the form of the Schwarzschild solution because the expressions inside curly 
brackets in (|2^) are not integrable. 



4 Hawking Radiation 

A different choice for the constants Cj is usable to derive the Hawking tem- 
perature. Since the modes (f/, V) and (f7, V) are related by a Bogoliubov 
transformation, one has to simply determine the Bogoliubov coefficients to 
get the Hawking temperature |T^. By setting C2 = 1 and 



_ _ T{c)T{a~h) T{2-c)T{a-h) _ 

- '^r(a)r(c-6) + '^r(a-c + i)r(i-6) " °' ^^^^ 



^Of course, this does not mean that the rotating metric is the same as the non- rotating 
metric because orbifoldings are different. For a related issue, see ref. [n2|. 
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ci and C2 become the Bogoliubov coefficients: 



Ven = CiUm + C2Vm- (29) 

Thus, the expectation value of the number operator Nen for {U,V) mode 
particles in the vacuum of the (f7, V) mode |0) is given by 



(0|iVs^|0) = I ' „ ■ (30) 

\c2\ - |cir 

From (^), we get 

(0|iV^A.|0) = (31) 

where R is the reflection coefficient in (]25|). In the limit {E±N) / (r+ ±r_) ^ 
A, this expression reduces to 



with 



2 2 

r± — r „ r J 



Tuawk. — , — — • (33) 

zvrr I r_ 



Since = J/2r^, is the angular velocity of the horizon. Eq. (|3^) is the 
correct distribution function for the rotating black hole with the Hawking 
temperature Tuawk. and the angular velocity of the horizon Vt. One can 
regard the limit {E±N) / (r+±r_) <^ A as the "large radial momentum" limit 
because A plays the role of the radial momentum as discussed in section 3. 

The dependence E — NQ on (^) rather than E' is a sign of rotating 
black holes. This represents the effect of the rotation and has following 
consequences 
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First, note that the effect of the rotation enters into the thermal spectrum 
in the same way as a chemical potential. The angular momentum of the 
black hole plays the role of a chemical potential. This factor (|3^) is larger 
for positive N than for negative N. Thus, it is favorable to emit particles 
with angular momenta in the same direction as that of the black hole. As a 
result of the emission, the black hole rotation will be slowed down. 
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Also, ( |32D is negative when E < NQ. This has an interesting consequence. 
For simphcity, consider the hmit Tuawk. 0. For static black holes where 
r2 = 0, the Hawking emission dies away in this limit; (0|A^|0) —>■ 0. However, 
for rotating black holes, (0|A^|0) does not die away when E < NQ. In 
fact, (0|A^|0) —>■ —1. This negative flux means that the black hole induces 
stimulated emission. This phenomenon is known as super-radiance. 
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